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We implemented a tight-binding parameter extraction scheme that is suitable for the modeling of intermetallic alloy systems. Using Mo 3 Si as an example, we obtained the Slater-Koster tight-binding parameters directly from results of full-potential linear muffin-tin orbital calculation by using a modification of the approach of McMahan and Klepeis ͓Phys. Rev. B 56, 12250 ͑1997͔͒. The transferability and accuracy of these parameters were tested against ab initio results. Augmented by a fitted repulsive energy contribution that takes the form of embedded atom potential, the tight-binding total energy method was applied in Monte Carlo simulations to compute the coefficients of thermal expansion for Mo 3 Si. © 2006 American Institute of Physics. ͓DOI: 10.1063/1.2178401͔
I. INTRODUCTION
Formulated in the classic work of Slater and Koster 1 half a century ago, tight-binding ͑TB͒ methods have experienced a renewed popularity in the recent literature. In contrast to the original method, which was mainly an experimental data interpolation scheme, modern TB methods have been developed to predict electronic structure with accuracy comparable to first-principles electronic methods. The success of TB is due not only to its advantage of theoretical simplicity and numerical efficiency, but also to its real-space approach, which makes it widely applicable to systems that lack perfect crystalline symmetry ͑e.g., defects, impurities, surfaces, and interfaces͒. Unlike other classical-potential-based empirical methods, TB is based on a quantum-mechanical formulation and is therefore more appropriate to explore the quantum nature of chemical bonding properties and to describe complicated materials such as transition metals.
In the past, TB method has achieved considerable success in the modeling of single elements 2 and some semiconducting alloy systems. However, the application of TB in intermetallic alloy systems 3, 4 has been very limited, primarily due to the lack of quality TB parameters. The conventional means to obtain TB parameters is to fit the TB energy bands to those obtained either from first-principles theoretical calculations or experimental results. The numerical fitting procedure, which performs the standard nonlinear minimization on the merit function, works well for single element materials where the number of independent parameters is relatively small. In contrast, a typical binary intermetallic material requires over 300 independent parameters. To fit so many parameters simultaneously is prohibitively tedious, and the merit function can easily be trapped into local minima, resulting in unphysical TB parameters that produce energy bands having little resemblance to the original ones.
In this article, we present a TB parameter extraction scheme which avoids the aforementioned difficulties, and is particularly suitable for the modeling of intermetallic alloy materials. In this scheme, we first follow the method of Mc-Mahan and Klepeis 5, 6 to extract the intersite Slater-Koster ͑SK͒ parameters directly from the Hamiltonian and overlap matrices, which are computed by the first-principles fullpotential linear muffin-tin orbital ͑FP-LMTO͒ method. 7, 8 Precalibration of energy is applied on Hamiltonian matrices to ensure transferability. We obtain the on-site SK parameters based on a simplifying assumption about the crystal fields. Finally, we augment the band energy with a repulsive contribution to account for the difference of the first-principles total energy and TB band energy. We note in passing that the idea of obtaining TB parameters directly from first-principles calculation actually dates back to Andersen and Jepsen, 9 and has been continued by other groups. 10 The application to intermetallic alloy materials has been performed by Djajaputra and Cooper for NiAl, 8 where the Hamiltonian matrix elements were used as input to real-space calculation of the local density of states ͑DOS͒ using the recursion method.
To be specific, we choose A15 cubic Mo 3 Si ͑Fig. 1͒ as our example material. A number of molybdenum-silicide alloys are being developed as high-temperature ͑Ͼ1000°C͒ a͒ Author to whom correspondence should be addressed; electronic mail: nគma12@yahoo.com structural materials for many important fossil energy applications. 11 A promising alloy system currently under substantial investigation 12 is the ternary phase Mo 5 SiB 2 ͑T 2 ͒ -Mo 3 Si-Mo. It is known that the anisotropy and incompatibility of the thermal expansions of the ternary phase field causes thermal stress and this can lead to microcracking. To tailor the mechanical properties and oxidation resistance within the ternary phase field, it is highly desirable to be able to predict the off-stoichiometry temperature dependence of the thermal expansions of the three components up to very high temperatures. In this paper we will use Monte Carlo simulation based on TB method to predict the temperature-dependent coefficients of thermal expansion ͑CTE͒ for Mo 3 Si.
In the following sections, we shall first present a detailed description of the method in Sec. II, then the test results of accuracy and transferability of the TB parameters will be presented in Sec. III, which are followed by the Monte Carlo simulation results for CTE in Sec. IV, and finally a brief summary in Sec. V.
II. METHODOLOGY
As usual, we separate the total energy into TB band energy and repulsive potential,
The above separation of total energy involves some arbitrariness. In some TB total energy schemes ͑notably Cohen et al. 13 ͒, the repulsive potential is entirely absorbed by the band energy as a chemical potential shift of the site energies. While this treatment simplifies the expression for the total energy, it obscures the physical meaning of each individual component. We shall keep both terms in the total energy expression. The issue of the energy separation will be addressed later in the procedure of energy calibration.
A. The band energy
In the nonorthogonal TB model, one computes the Hamiltonian and overlap matrices, H and S, and solves the generalized eigenproblem,
The band energy is obtained by summing up all the energy eigenvalues weighted by Fermi distribution function,
Based on the two center approximation, Slater and Koster 1 expressed the Hamiltonian and overlap matrix elements as linear combinations of a set of parameters known as SK parameters. For example, an intersite ͑R 0͒ Hamiltonian or overlap matrix element may be written as ͑here we used the McMahan convention 5 ͒ ͗0lm͉H͉RlЈmЈ͘ = ͚ g ͑lm,lЈmЈ,R ͒t ll Ј ͑R͒ ͑ 4͒ and ͗0lm͉S͉RlЈmЈ͘ = ͚ g ͑lm,lЈmЈ,R ͒s ll Ј ͑R͒, ͑5͒
where g 's are the linear coefficients that describe the geometric alignment of the participating atomic orbitals, and t ll Ј 's and s ll Ј 's are the Hamiltonian and overlap SK parameters that depend only upon the intersite distance R. The inverse problem, namely, to determine SK parameters from given Hamiltonian and overlap matrices, has been studied by McMahan and Klepeis. 5, 6 They found an orthogonality relationship among the g 's that can be used to invert Eqs. ͑4͒ and ͑5͒,
Thus, the procedure of obtaining intersite SK parameters is made straightforward: One first computes the k-space Hamiltonian and overlap matrices for the material using firstprinciples method. The matrices are then anti-Fourier transformed into the real space. Using Eqs. ͑6͒ and ͑7͒, the intersite TB parameters for a particular structure are thus obtained. In our implementation, we have used the FP-LMTO ͑Ref. 7͒ method with single-kappa minimal basis to deduce the TB parameters. The kappa decay parameter is set to be −0.4, and the muffin-tin ͑MT͒ radii are 2.1912 bohr for Mo and 2.4560 bohr for Si, respectively. The TB basis consists of Mo's 5s, 4p, and 3d orbitals and Si's 3s, 3p, and 3d orbitals.
The crucial difference between this procedure and conventional schemes through parameter fitting is the following. Conventional schemes start with the total energy and band structure, which are essentially the eigenvalues of the Hamiltonian and overlap matrices. One then proceeds to probe the TB parameter space for the set that will generate these eigenvalues. From a mathematics point of view, it is easy to have different sets of TB parameters, or different TB matrices, that produce the same set of eigenvalues. Therefore, the results of a conventional scheme are usually not unique, and are dependent on initial trial parameters. In contrast, this ab initio based parameter retrieving scheme starts directly from the matrix elements themselves ͑rather than their derived ei-genvalues͒. The subsequent procedure of inverting these matrix elements to obtain their corresponding TB parameters will guarantee the results to be unique. Thus, by abandoning the eigenvalues and by working directly with the physically more informative matrix elements, we eliminate the uncertainties inherited from numerical fitting procedures.
When relating the intersite parameters prepared at different lattice volumes, some caution must be taken. This is because the SK parametrization implicitly assumes a fixed set of basis. However, the FP-LMTO method searches for the optimal basis that minimizes the density functional which is not fixed. In practice, we find that fixing the MT radii usually results in a relatively fixed basis. This can be seen from Fig.  2 , where the overlap SK parameters s͑R͒ obtained at a series of lattice volumes collapse into a common curve. We note in passing that the authors in Ref. 1 performed an explicit unitary rotation transformation on the TB orbital basis to ensure a fixed set of overlap parameters. In that case, the issues of transferability were entirely relegated to the transformed Hamiltonian parameters.
In contrast to Fig. 2 , the Hamiltonian parameters obtained at different lattice volumes show noticeable disagreement ͑see Fig. 3͒ . In many other implementations, explicit environment dependent TB parametrization schemes 14 have been invoked to resolve this discrepancy. Here, however, we are aware that the discrepancy only occurs in Hamiltonian parameters and not in overlap parameters. We therefore believe that the cause of discrepancy is mostly due to the arbitrariness of the total energy separation mentioned at the beginning of Sec. II. In FP-LMTO calculation, the energy reference of the band energy term is not fixed. This causes arbitrary separation of total energy in Eq. ͑1͒ when the calculations are performed at different lattice volumes. Therefore, it is necessary to calibrate the energy references for the Hamiltonian matrices prior to SK parameter extraction.
To perform the energy calibration, we assume the lowest energy level of the core electron 1s to be unaffected by the variations of lattice volume. Its calculated value is then used as a reference to measure the corresponding potential matrix. This leads to the following transformation on the Hamiltonian parameters:
where a is the lattice constant at which the Hamiltonian parameters are obtained. After the calibration, the transformed Hamiltonian parameters are plotted in Fig. 4 , where an improved agreement over Fig. 3 is apparent. We fit the overlap and calibrated Hamiltonian SK parameters into the following form:
Results of intersite SK parameters are tabulated in Table I . We now turn to the on-site ͑R =0͒ matrix elements. The on-site overlap matrix is simply unity if the TB orbitals are properly orthonormalized. For the on-site Hamiltonian matrix, we assume that the off-diagonal mixings produced by crystal field potentials are negligibly small ͑they are usually three orders of magnitude smaller than the diagonal terms͒. Thus the remaining problem is to determine the diagonal Hamiltonian matrix elements, which are the site energies of the corresponding orbital plus crystal field corrections. In contrast to the case of intersite SK parameters, neither the site energy nor the crystal field correction can be directly extracted from the FP-LMTO results. It was found in Ref. 1 that certain sums of these parameters remain directly computable. However, these sums are structure dependent, i.e., nontransferable. To obtain a transferable set of TB on-site parameters, we used an alternative scheme described as the following: First, we approximate the crystal field potential as a superposition of a mesh of delta functions situated at atomic sites. Thus the corrections to the site energy are particularly easy to evaluate, and the resulting diagonal matrix elements now take the form
͑11͒
Here e l 0 is the site energy, h is the coefficient of the delta functions, or the strength of the crystal fields, and lm is the wave function of the orbital. The summation is carried out over all atomic sites excluding the hosting site. For R much larger than the MT radius, we can replace lm ͑R͒ with its asymptotic behavior. It is parametrized in the following Gaussian form:
In this form, orbitals that differ only in magnetic number share a common radial part. This enables us to significantly reduce the number of parameters in the fitting while still retaining the correct angular dependence of these orbitals.
A few remarks are in order: First, the fitting is individually performed for each orbital set having a common angular momentum. This fitting is to be contrasted to the conventional fitting scheme in that we are fitting directly to the diagonal matrix elements one at a time, rather than fitting to the entire set of eigenvalues or the band structure. Therefore, the results are still unique. Second, energy calibration is necessary to obtain correctly behaved on-site parameters. To see this, we note that Eq. ͑11͒ suggests that the volume dependence of e lm vanish at large lattice volume, since the crystal field corrections eventually vanish. Without appropriate calibration, the computed diagonal Hamiltonian matrix elements may not behave this way due to the floating energy reference point.
B. The repulsive potential
The TB band energy is purely attractive. To explain the bonding behavior, we need a repulsive contribution that accounts for the ion-ion repulsions and the correction for the overcounting of electron-electron interactions. We implement the repulsive potential in an embedded atom method ͑EAM͒ scheme, 15 where the repulsive energy is a sum of embedding energies that depend on the local electron densities at each atomic site,
The form of the embedding function f is unknown, and is determined by fitting. The electron density at site R is taken to be a linear superposition of first-principles computed electron densities of corresponding isolated atoms,
In practice, we find that the use of bare atomic density superposition yields a repulsive contribution that is often too short ranged. Therefore, we introduce a scaling factor ␣ for interatomic distance in Eq. ͑14͒, and we find ␣ = 0.74 gives the optimal results. The need of a longer-ranged density may be explained by the presence of the long-range Coulomb interactions.
Once the local densities at all sites are available, we fit the embedding function f in Eq. ͑13͒ to a piecewise thirdorder polynomial function. The left-hand side of Eq. ͑13͒ is taken to be the difference between first-principles FP-LMTO total energy and TB band energy. The database contains uniform contractions and expansions of the lattice about the equilibrium volume. In the FP-LMTO calculation, we treat the 4p semicore electrons of Mo as valence electrons in a separate energy window ͑to be distinguished from 5p elec-trons͒, and use four-kappa linked basis to describe each valence orbital to achieve maximum accuracy. The four kappas are set to be −0.9, 0.3, 1.2, and −1.2, respectively ͑the last kappa is used exclusively in the second energy window͒. The resulting embedding function is shown in Fig. 5 . Since our goal is to estimate thermal expansions that require only small deviations about the equilibrium structure, we find a common embedding function for Mo and Si is sufficient.
III. TESTS OF PARAMETERS
In this section, we discuss various tests on our parameters for their accuracy and transferability.
A. Accuracy tests for small lattice deviations around A15 Mo 3 Si
To test the accuracy of the parameters on A15 Mo 3 Si and some deviations from that structure, we first calculated the band structure and density of states for A15 Mo 3 Si at the equilibrium lattice volume, and compared the results with those obtained using first-principles FP-LMTO method. In the FP-LMTO method, we used a single-kappa basis that was originally used in developing the TB parameters. The purpose here is to provide a measure of the overall accuracy of the two center approximation plus the crystal field effects included in the TB parametrization scheme. The results are shown in Figs. 6 and 7, respectively. In the band-structure calculation, the agreement between the two methods are generally good for bands below and around the Fermi level. Farther above the Fermi level the accuracy becomes questionable, which is a usual problem of this and many other electronic structure methods. In Fig. 7 qualitative agreement on DOS is maintained, despite several discrepancies about the precise positions and weights of the DOS peaks predicted by both methods.
Next, we conducted some elastic moduli calculations using both the first-principles FP-LMTO method and the TB total energy formula. In this case, we used four-kappa linked basis in FP-LMTO method and separate energy window treatment for Mo's semicore 4p electrons, to achieve maximum accuracy. For A15 cubic structure, there are three independent elastic moduli: c 11 , c 12 , and c 44 . These elastic moduli were obtained by applying the following three types of small strains to the equilibrium lattice and determining the resulting change in the total energy: 16 • uniform volume expansion and contraction; • volume-conserving tetragonal shear; • volume-conserving monoclinic strain.
The above three strains will correspond to c 11 +2c 12 , c 11 − c 12 , and c 44 , respectively. The converted elastic moduli are compared and tabulated in Table II . Note that in the tetragonal and monoclinic distortions, we have not performed any internal relaxations. Therefore, the calculated results would give upper bounds for c 11 − c 12 and c 44 .
For tetragonal strain, there is a large discrepancy between the TB method and FP-LMTO method. We believe the discrepancy mainly originates from the assumption of direct superposition of the atomic density. Had the atomic density been allowed to relax, for example, to have an anisotropic decay rate according to the applied strain, the resulting c 11 − c 12 should yield a closer value as predicted by FP-LMTO. This atomic density relaxation effect is less prominent under the more isotropic monoclinic strain, where better agreement of c 44 between the two methods is seen.
Finally, in addition to calculating the elastic moduli, which are related to the zone center acoustic-phonon modes, we also estimated the energy associated with an opticalphonon mode. In this mode, the nearest Mo pairs are oscillating with respect to each other, while Si atoms are fixed in space. Clearly this is a normal vibrational mode since it preserves many symmetries of the original lattice. We computed the total energy change and fit it to a quadratic form of the vibration amplitude. The coefficient of the quadratic form is related to the mode frequency as m 2 / 2. The mode frequency is predicted to be 15.72 and 17.03 THz by TB and FP-LMTO, respectively.
B. Transferability tests of TB parameters
In this section, we shall address the transferability issues, namely, how the obtained SK TB parameters can be applied to crystal structures other than the A15 Mo 3 Si. We shall limit our discussion to those of the TB parameters only. In this work, no efforts have been made to make the EAM parameters transferable.
In the first test, we consider pure Mo ͑bcc͒ and pure Si ͓cubic diamond ͑cd͔͒. For these two structures, we independently develop another set of intersite SK parameters using the same scheme ͑with the same FP-LMTO parameters͒. The newly developed SK parameters are then compared to those originally developed for A15 Mo 3 Si in Figs. 8 ͑bcc Mo͒ and 9͑cd Si͒, respectively. We see good agreement in Mo parameters. This demonstrates the uniqueness of the TB parameters resulting from our scheme. However, there are significant discrepancies in Si parameters. To explain the poor transferability for Si, we note that in developing the TB parameters for cd Si, we have used a single-kappa minimal basis. While such a basis set works well for close-packed bcc and A15 structures, it can be very bad for the open structures, in particular, for the cd Si. In addition, we noticed that the equilibrium nearest Si-Si distance is about 4.2 Å in Mo 3 Si while it is about 2.3 Å in cd Si.
As an additional measure, we have considered two other crystal structures with the same Mo 3 Si composition: L1 2 and D0 3 . We calculated their band structures and compared them with those obtained from first-principles FP-LMTO ͑using single-kappa basis͒ in Figs. 10 and 11 . Consistent agreement is seen. 
IV. MONTE CARLO SIMULATION
In this section, we discuss Monte Carlo ͑MC͒ simulation based on the TB total energy scheme. Our goal is to predict CTEs for A15 Mo 3 Si at various elevated temperatures. Calculating CTEs using MC simulation presents a numerical challenge, because the energy is near its minimum when the lattice constants are sampled. The lattice constant can fluctuate widely without suffering a large energy penalty.
The A15 Mo 3 Si system simulated consists of 216 atoms ͑3 ϫ 3 ϫ 3 supercells͒. We set eight such systems at temperatures ranging from 1200 through 1900 K, incremented by 100 K. These systems are started from the same initial equilibrium configuration. At each MC step, we attempt to either displace a randomly selected atom, or change the lattice constant. After 100 000 MC steps, when all systems have achieved thermal equilibrium, lattice constants are sampled at every 20 MC steps. Five hundred samples are taken and averaged, and their temperature dependence is plotted in Fig.  12 . For the specified temperature range, the material's thermal expansions are fairly linear. The CTEs can be easily read off from the figure, which is roughly about 9.0ϫ 10 −6 /K.
To relate our theoretical work with experimental results, we have also simulated a Mo 53 Si system ͑i.e., one out of 54 Mo atoms in a bcc ␣-Mo is replaced by a Si atom͒, using the same set of parameters. Figure 13 shows the sampled average lattice constants at eight different temperature points. The data are compared with the experiment, 17 which was on a Mo 39 Si alloy ͑containing 2.5 at. % of Si͒. The reason we consider Mo 53 Si rather than Mo 39 Si is purely geometrical: Mo 53 Si can be easily realized using 3 ϫ 3 ϫ 3 supercell. Our theoretical prediction of CTE for Mo 53 Si is about 5.0 ϫ 10 −6 / K, while the experimental CTE for Mo 39 Si is about 6.5ϫ 10 −6 / K. Comparing to the published CTE result 18 for pure Mo, which is 4.2ϫ 10 −6 -5.0ϫ 10 −6 / K, we thus predict the trend that having a Si-rich compound causes larger CTE. Considering the error range associated with a typical MC method, the agreement of our theoretical prediction and experimental work is satisfactory.
V. SUMMARY
We modified McMahan's scheme of obtaining TB parameters directly from FP-LMTO calculations, and developed a set of TB parameters for A15 Mo 3 Si. Our TB parameters are reasonably accurate for computing various static properties, and quite transferable for close-packed structures. We used these parameters in MC simulation to compute the CTEs of Mo 3 Si and Mo 53 Si. The result of the latter material is in good agreement with our experiments.
